GENUS 2 MAPPING CLASS GROUPS ARE NOT KAHLER 



RAZVAN VELICHE 

To Oana and "AAA " 

Abstract. The goal of this note is to prove that the mapping class groups of closed ori- 
entable surfaces of genus 2 (with punctures) are not Kahler. An application to compactifi- 
cations of the moduli space of genus g curves (with punctures) is given. 



1. Introduction 

It is a long-standing problem to determine which groups can occur in the class /C of 
fundamental groups of compact Kahler manifolds. There are many examples and positive 
results, but there are also many restrictions (negative tests) that prohibit groups from being 
in K (see |ABC+96i ). 

Related to the class /C, one can introduce several other classes of fundamental groups: Q/C 
(of complements of divisors in Kahler manifolds), V (of projective varieties or manifolds) 
and QP (of quasi-projective varieties). Since every projective manifold is a Kahler one, we 
have 

(1.1) P( K 



(and it is an open question whether the horizontal inclusions are equalities). 

The mapping class group M{g^ n) of (punctured) closed orientable surfaces is in QV ()2.10|) . 
One may ask the question whether this group is in V. In this note a negative answer is given 
in the genus 2 case. 

An immediate consequence is that A4g^n, the moduli space of n-punctured curves of genus 
g, cannot have a projective compactification with a "thinner" boundary (i.e. of higher 
codimension): the Satake compactification has a codimension two component "at infinity", 
and the Deligne-Mumford compactification has a divisor there. 

2. Notations and Background 

2.1. In what follows, a variety is an irreducible but possibly non-reduced scheme over C. A 
manifold is a smooth variety (i.e. it is reduced, too). 

2.2. For a compact orientable (connected) topological manifold T one defines the (pure) braid 
group =Po,n(r) as the fundamental group of 

Fo,„(T) = {{zi,...,Zn) e T"|2, ^ z,, VI < « 7^ J < n} 
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There is a free action (by permutation) of the symmetric group 5'„ on Fo^iT) and one 
denotes the fundamental group of the quotient manifold Bo^niT) = Fo^n(T)/ Sn by Po^n(T) 
(called the full braid group). 

2.3. Introducing punctures, one defines Pk,n{T) as 7ri(i^o,n(7' \ Qk)) where Qk is any set of 
distinct k points in T (its choice does not matter, as one can always find a homeomorphism 
of T mapping one choice onto another), and respectively PkniT) as the fundamental group 

0iBk,niT)=Fk,niT)/Sn. 

2.4. It is known that Pkn{T) and Bkn{T) are finitely generated groups; see e.g. |Bir75| 
§1.2,1.3]. 

2.5. It is easy to see f |Bir75t Prop. 1.1]) that there are extensions: 

1 ^ Pk,n{T) ^ PkAT) ^ Sn ^ 1 

2.6. Related to these, one can consider J-'niT) as the space of orientation-preserving homeo- 
morphisms of T fixing a given n-tuple {z'l, . . . , 2;°) of distinct points of T, and Bn{T) as the 
space of orientation-preserving homeomorphisms of T fixing the set {z\, . . . ,z^}. Both of 
these spaces are endowed with the compact-open topology. Denote by M^iT, n) = 7ro(jF„(T)) 
(the pure mapping class group of T) and by M{T,n) = 7ro(i3„(T)) the (full) mapping class 
group of T (also denoted in the literature by r^ ^). These are the groups of isotopy classes 
of (pointwise, respectively setwise) puncture-preserving diffeomorphisms. 

2.7. As in the case of the braid groups, we have the extensions: 

1 MP{T, n) M{T, n) S„ ^ 1 

2.8. In the case when T is a closed oriented surface of genus g, M{T, n) is classically denoted 
by M{g,n) (jBuTSl) or M"^. 

2.9. This note is concerned with the structure of M{g, n), and particularly with the possibility 
of it being the fundamental group of a Kahler manifold. 

2.10. Note that M{g,n) is the fundamental group of a quasi-projective manifold. Namely, 
the Teichmiiller space 7^_„ of equivalence classes of orientation (and puncture) preserving 
diffeomorphisms of a genus g smooth curve, is a contractible complex manifold. The mapping 
class group M{g,n) acts properly discontinuously on 7^ „, but the action is not necessarily 
free; actually, even the pure mapping class (sub)group MP{g,n) might act on 7^^„ with fixed 
points (this does not happen as soon as n > 2g + 2). However, the quotient Ai has at most 
finite-quotient singularities (it is an orbifold); M{g,n) becomes its orbifold fundamental 
group 71°'^'' [Ai), and there exists a finite index subgroup H (which can be chosen to be 
normal) of M{g,n) which acts freely on Tg n ( |Hai001 12.8]), and such that H\Tg n is quasi- 
projective and smooth. That means that there is a finite (orbifold) cover Ai ^ Ai with Ai 
a smooth quasi-projective manifold. Now one may use the argument in |ABC-|-96l Lemma 
1.15, p. 7] to show that M{g,n) is the fundamental group of a (smooth) quasi-projective 
manifold. 

2.11. We recall the definition of commensurability: it is the equivalence relation in the 
category of groups generated by morphisms with finite kernel and cokernel. 
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2.12. We will be using some results on the ends of a (Kahler) group, so it's worth saying a 
few words on the subject. 

For a topological space X, the set of ends of X is the inverse limit lim7ro(X \ K), where 
the limit is taken as K ranges over all compact subsets of X. The cardinality of this set is 
denoted by e{X). If a group G acts freely on a connected simplicial complex X with finite 
quotient, then e{X) is independent of X, and is denoted by e(G); this is the number of ends 
of the group G. 



2.13. Facts (see |Coh72j . |SW79j ) : A free group with more than two generators has infinitely 



many ends. The number of ends of an infinite group can be 1,2 or oo. Commensurable 
groups have the same number of ends. 

2.14. A finite index subgroup of a group in JC (or V) is also in /C (resp. V); this is roughly 
due to the possibility of lifting and averaging a Kahler metric to a finite unramified cover, 
respectively to the fact that the pullback of an ample divisor to a finite cover is ample. 

However, a finite extension of a group in JC need not be in /C; e.g. if G = x Z2 by the 
action switching the generators of Z^, then G is not in /C (the first Betti number is 1). 

3. Preliminaries 



We start by a minor generalization of a result in jBir75j (4.1, p. 151)]: 

Lemma 3.1. The evaluation map tg^n,k '■ ^k{T) Fk^n{T) is a locally trivial fibering with 
fibre J^n+k{T). 

Proof. The argument is quasi-identical to the proof in |Bir75j , but we include it here for the 
reader's convenience. 

Fix an {n + /c)-tuple (2;°, . . . , z^j^^ of distinct points in T. Without restricting the gen- 
erality, the homeomorphisms in J-'i{M) can be taken to fix {z^, . . . , zf) (for i G {k, n + k}). 
Tn+k{T) becomes then a closed topological subgroup of J-'k{T). 

The evaluation map eg^n,k takes a homeomorphism h to {h{z1_^_^), . . . , h^z^^jS)), which is 
clearly a point in Fk^niT) thought of as Fo^niT \ {z^, . . . , z^}). 

^g,k,n is surjective (any finite set of points can be taken to another set of the same cardinality 
by a homeomorphism of T) and two homeomorphisms hi and h2 have the same image under 
eg^k,n if and only if they are in the same left coset of J-'n+k(T) in J^^iT). 

Thus Fk^n{T) is naturally (topologically) identified with the quotient space 
J-'kiT) / J^n+k(T) , and egfe„ becomes the projection map which turns Fk^niT) into a homoge- 
neous space. 

By |Hu59l p. 99], the theorem follows as soon as we show the existence of a local section 
for eg^k,n near z° = eg^k,n{^n+k{T)). 

For that, choose pairwise disjoint Euclidean neighbourhoods f/(z2+i), • • • , f^(-2°+fc) of 

. . . , z^j^^] we require that the union of these neighbourhoods doesn't intersect {z^, . . . , z^}. 

Then f/(z°) = {{uk+i, ■ ■ ■ ,Uk+n) \ Ui G U^z^)} is a neighbourhood of z° in Fk^n(T). Con- 
struct a family of homeomorphisms {/„ G J-'kiT) \ u G ?7(z°)} depending continuously on u 
and such that for each u G f/(u°): 

• fu{zl^j) = Uk+j {j = T^) and 

(k+n \ 
T\ U is the identity. 

j=k+i I 



4 



RAZVAN VELICHE 



Such a family exists because, for example, there exists a continuous family of homeomor- 
phisms (even diffeomorphisms) deforming the center of a ball to any of the points in the 
ball. 

Now the section we wanted is given by s{u) = fu- D 

3.2. In the case of a closed oriented surface of genus g, the lemma gives, via the long exact 
sequence in homotopy associated to a fibration: 

Pk,n{Tg) ^ MP{g,n + k) ^ MP{g,k) ^ 7ro(Ffe,„(r)) = 1 

3.3. We will make essential use of the fact that there is an exact sequence: 

1 ^ Z2 ^ Af(2, 0) ^ M(0, 6) ^ 1 

(see !Bir75[ p.l88]). 

3.4. In |Bir75| Thm. 4.2, p. 152] it is proven that there is an exact sequence: 

1 Po,n{Tg) ^ MP{g, n) M^ig, 0) ^ 1 
for g > 2, and a similar one: 

1 ^ Po,n(T,)/center ^ MP{g,n) M^ig^O) ^ 1 
if (7 = 1, n > 2 or (yf = 0, > 3. 

3.5. In (iBir75l Thm 1.4, p. 14] the existence of the following exact sequence is proven: 

1 ^ P„-l,l(M) ^ Po,n(M) Po,n-l(M) 1 

for any n > 1. One needs M to satisfy vrj(M \ Q„i) = 1 for i = 0, 2, 3 and for every m > 
as hypotheses. In the case of S"^ (which fails the above test for m = 0) the exact sequence is 
valid only for n > 4 (see jBir75t p. 34]). 

3.6. We will need the fact that Po,3{S^) = see |Bir75l p.34]. 

4. Main result 
Theorem 4.1. The groups M(2, n) are not Kdhler, for any n > 0. 

Proof. The idea of the proof is rather simple: show that these groups have too "big" an 
image to be Kahler. 

More precisely, |ABR92j prove that an extension of a group with infinitely many ends by 
a finitely generated group cannot be Kahler. 

Thus, if we prove that inside each of the M(2, n)'s there is a finite index subgroup mapping 
(with finitely generated kernel) onto a group with infinitely many ends, we're done. 

The natural subgroup of finite index to consider in each M{g,n) is M^\g,n) (j2.7j) . The 
exact sequence ()3.4|) for (7 = 2 and the remark ()2.4|) show that it is enough to prove that 
M^(2, 0) = M(2, 0) maps (with finitely generated kernel) onto a group with infinitely many 
ends. 

Now ()3.3|) reduces the problem to M(0, 6). This doesn't map directly to what we need, but 
it's (finite index) subgroup Mp(0,6) maps, by ()3.2p . onto M*'(0,4) with finitely generated 
kernel. 

Now the second sequence in (|3.4|) with g = and n = 4 gives Mp(0,4) = Po^4(S'^) /center. 
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But ()3.5p for n = 4 (and g = 0) gives: 

1 ^ PsAS') ^ PoAiS') ^ PoAS') ^ 1 
But Po,3(^^) = ^2 (EH), and P3,i{S^) = 7Ti{S^ \ {z^^, z^}) = tti{C\ 0, 1) = F2 (the free 
group on two generators). Now it is easy to see that the center of Po,4('S'^) is either trivial 
or isomorphic to Z2 (it is actually the latter, see jBir751 Lemma 4.2.3, p. 154]), and since it 



cannot intersect the F2, one has a finite index copy of F2 inside Mp(0,4) (we actually have 
MP{0, 4) = F2). Pulling back this copy of F2 to either Mp{0, 6) or Mp(2, 0) finishes the proof. 

□ 

5. Higher genus; Conjecture 
5.1. The exact sequence fl3.2|) for compact surfaces of genus g > 3, n = 1 and k > 1 yields: 

P,,i(T,) ^ MP{g, MP{g, k) ^ 1 

where d is the "boundary" map 7ri(Fi_i(rc,) no{J^2(Tg)) and i is induced by the fibre- 
inclusion J^2{Tg) jFi(Tg). 

Lemma 5.2. ker((i) C center{PkATg)) 

Proof. Easy adaptation of the proof of jBir75l Lemma 4.2.1, p. 153]. □ 

Since Pk^Tg) = ^liTg \ {zi, . . . , z^}) = F2g+A:_i, the lemma gives the existence of a finitely 
generated free normal subgroup of infinite index in MP{g, k + 1). 

5.3. At this point, we would like to introduce the class NNF of groups that do not have 
normal free finitely generated subgroups (of rank at least 2). 

Conjecture 5.4. /C C NNF 

Remark 5.5. The validity of this conjecture would imply that all the mapping class groups 
M{g, n) with g >2 and n >2 are not in /C. 

Remark 5.6. It is known that any (finitely generated) free group has a finite index normal 
subgroup of odd rank. Then (|2.14j) shows that groups in /C cannot have finite index normal 
free subgroups (these would be finitely generated, actually). 
Thus the conjecture refers to the infinite index case. 

5.7. As support for this conjecture we cite the work of |Cat03j . showing that the fundamental 
groups of surfaces of genus g are of class NNI. That is a more restrictive class, introduced 
by Catanese, where no finitely generated normal subgroups (not necessarily free) of 
infinite index are allowed in the given group. 

NNI ^ NNF (take for example a direct product of a free group, of rank at least 2, with 
Z2). But if one enlarges NNF to NNIF (prohibiting only infinite index finitely generated 
normal free subgroups, of rank at least 2), one has NNI C NNIF. 

Note that we have /C n NNI C /C n NNIF = /C n NNF (the latter by TIJ^ ). The 
conjecture simply says that /C C NNIF. 

Remark 5.8. The classes NNI, NNIF, /C HNNI and JC n NNIF are not closed under direct 
products. It is an easy observation that NNF and /C fl NNF are closed under this operation. 
This implies that arbitrary (finite) direct products of finite groups and fundamental groups 
of smooth projective curves are in fl NNF. 
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Remark 5.9. As proved in |Coh72t Prop. 2. 5, p. 23], if a group G has a subgroup H which 



is not locally finite, but which is included in a finitely generated subgroup of infinite index, 
then G has one end. In particular a direct product of two free groups of rank greater than 
2 has one end only. So the obstruction in (and a proof of) the above conjecture should have 
more geometric content. 

6. Relevance to Compactifications of Mg^n 

6.1. A natural question that arises in connnection to Aig,n is whether one could find a projec- 
tive (more generally, a weakly Kahlerian) compactification for it, such that the "boundary" 
has high codimension. The Deligne-Mumford compactification has a divisor, and the Satake 
compactification has a codimension two component in the boundary. 

Proposition 6.2. A^2,n has no projective compactification with boundary of codimension at 
least 3. 

Using 14.11 12.101 and I2.14[ this is an immediate consequence of the following: 

Lemma 6.3. Given: 

(1) a quasi- projective orbifold X with an irreducible universal cover X 

(2) a (normal) finite index subgroup H of tt^'^^{X) such that Y = H\X is quasi-projective 
and smooth, and such that 

(3) H 

then X cannot have a projective compactification with boundary of codimension at least 3. 

Proof. Assume there would be such a compactification, denoted by X P^. The map 
p : Y ^ X is onto and finite by hypothesis. Composition with the inclusion X ^ X gives 
a dominant quasi- finite map f '-Y ^ X <Z P^. 

Since the codimension of the boundary X\X is at least 3 and X is projective, we can find 
an irreducible subscheme L' = L fl X in X, of dimension 2, with L a linear space of P^, and 
such that L' fl (X \ X) = 0. This implies that for a sufficiently small e (and a Riemannian 
metric on P^), the neighbourhood L'^ of points at distance less than e from L is also avoiding 
the boundary X \ X. 

Now we can use the theorem of Goresky and MacPherson ( |GM83j . see also |FL8H 



§9]) regarding pullbacks of linear subspaces of P^ via quasi-finite morphisms, to get that 
7ii{Y, f-\L'J) = 1 for i < 2. 

This implies n,{Y) = Mf-\L'^)) = Mf-\L')). 

Now f~^{L') = p^^{L') ^ L' is a finite map, and L' is projective. Then p~^[L') is also 
projective. 

But then T^iiY) = H would be in P, contradiction. 

□ 

Note: it is sufficient to assume in the lemma that y is a (connected, but possibly reduced) 
local complete intersection (see |FL81^ §9]). 
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